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ABSTRACT 

We  study  initial-value  problems  that  arise  from  models  for  one- dimensional  heat  flow 
(with  finite  wave  speeds)  in  materials  with  memory.  Under  assumptions  that  ensure  com¬ 
patibility  of  our  constitutive  relations  with  the  second  law  of  thermodynamics,  the  resulting 
integrodifferential  equation  is  hyperbolic  near  equilibrium.  We  establish  the  existence  of 
unique,  global  (in  time)  defined,  classical  solutions  to  the  problems  under  consideration, 
provided  the  data  are  smooth  and  sufficiently  close  to  equilibrium.  We  treat  both  Dirichlet 
and  Neumann  boundary  conditions  as  well  as  the  problem  on  the  entire  real  line. 

Local  existence  is  proved  using  a  contraction-mapping  argument  which  involves  esti¬ 
mates  for  linear  hyperbolic  PDE’s  with  variable  coefficients.  Global  existence  is  obtained 
by  deriving  a  priori  energy  estimates.  These  estimates  are  based  on  inequalities  for  strongly 
positive  Volterra  kernels  (including  a  new  inequality  that  is  needed  due  to  the  form  of  the 
constitutive  relations).  Furthermore,  compatibility  with  the  second  law  plays  an  essential 
role  in  the  proof  in  order  to  obtain  an  existence  result  under  less  restrictive  assumptions 
on  the  data.  p  )  _ _ 


AMS  (MOS)  Subject  Classifications:  45K05,  35L60,  80A20. 

Key  Words:  Integrodifferential  equation,  second  sound,  heat  flow,  hyperbolic 
equation. 


Institute  for  Mathematics  and  Its  Applications,  University  of  Minnesota,  514  Vincent  Hall. 
206  Church  St.,  S.E.,  Minneapolis,  MN  55455. 

Supported  in  part  by  the  United  States  Air  Force  under  Grants  AFOSR-85-0307  and 
AFOSR-87-0191. 


0.  Introduction 

In  this  paper  we  establish  global  existence  and  asymptotic  stability  of  solutions  to 
initial-value  problems  arising  from  integral  models  for  heat  flow  that  were  introduced  in 
[2].  These  models  are  based  on  Gurtin  and  Pipkin’s  theory  of  heat  conduction  [6].  The 
situations  we  axe  concerned  with  are  such  that  the  heat  flux  depends  on  the  temporal 
history  of  the  temperature  gradient  (and  possibly  on  the  present  value  and  the  history  of 
the  temperature),  but  is  independent  of  the  present  value  of  the  temperature  gradient. 

As  in  [2],  we  restrict  our  attention  to  one-dimensional  rigid  heat  conductors  in  which 
the  only  nonzero  component  of  the  heat  flux  is  its  x-component,  q.  Here  q  and  the  ab¬ 
solute  temperature  ^  >  0  are  functions  of  x  and  time  t.  Moreover,  we  zissume  that  the 
material  under  consideration  is  homogeneous  and  has  unit  density.  The  first  two  laws  of 
thermodynamics  then  take  the  form 


et  +  =  r. 


Vt  > 


(0.1) 


(0.2) 


where  e  =  e(x,t)  is  the  (specific)  internal  energy,  r  =  r{x,t)  is  the  external  heat  supply, 
and  r]  =  T]{x,t)  is  the  (specific)  entropy.  Subscripts  t  and  z  indicate  partial  derivatives.  If 
we  define  the  (specific)  free  energy  =  T/»(x,t)  through 


ij;  :=  e  —  Bq 


(0.3) 


ir 


then  the  law  of  balance  of  energy  (0.1)  and  the  entropy  inequality  (0.2)  can  be  combined 
to  give  the  Clausius-Duhem  inequality 


>/>c  + 1)^1  +  ^  <  0. 


(0.4) 
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Gurtin  and  Pipkin  consider  materials  characterized  by  constitutive  equations  that 
express  rp(x,t),  r}{x,t),  and  q(x,t)  as  functionals  of  {d(x,t),  9\x,  •),  d^x,  •)).  Here  9^  and 
9^  denote  the  summed  histories  up  to  time  t  of  the  temperature  and  the  temperature 
gradient.  The  summed  history  up  to  time  ^  of  ^  is  defined  by 

9^(x,s)  :=  f  9(x,z)dz  WxeB^s>0,  (0-5) 

Jt-S 


where  5  C  IR  denotes  the  interval  occupied  by  the  body.  Gurtin  and  Pipkin  require 
that  their  constitutive  relations  be  compatible  with  thermodynamics  in  the  sense  that 
the  Clausius-Duhem  inequality  (0.4)  is  satisfied  for  all  smooth  processes  consistent  with 
the  constitutive  relations.  They  derive  conditions  that  are  both  necessary  and  sufficient 
for  compatibility  with  thermodynamics.  These  conditions  can  be  summarized  roughly  as 
follows: 

(i)  the  entropy  is  minus  the  derivative  of  the  free  energy  with  respect  to  the  present  value 
of  the  temperature; 

(ii)  the  heat  flux  is  determined  from  the  free  energy  through  a  differential  equation  called 
the  heat  flux  relation; 

(iii)  a  functional  differential  inequality  called  the  dissipation  inequalitj,  holds  for  all  smooth 
processes. 

We  note  that  by  virtue  of  (0.3),  condition  (ii)  implies  a  relation  between  q  and  e  and  hence, 
e  will  generally  depend  on  0^. 

MacCamy  considered  a  model  motivated  by  Gurtin  and  Pipkin’s  linearized  constitu¬ 
tive  equations  [10].  He  replaced  the  linear  equation  for  the  heat  flux  with 


q{x,t)  =  -  a{s)f{9j:{x,t  -  s))ds, 

Jo 


(0.6) 
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but  retained  the  linear  equation  for  the  internal  energy 

r°° 

e{x,t)  =  b  +  c9(x,t)  —  I  ^'{s)6^{x,s)ds 

(0.7) 

^{s)d(x,t  —  s)ds. 

Here  b  and  c  are  constants,  a  and  ^  are  smooth  kernels  that  decay  sufficiently  rapidly  at 
infinity,  and  /  is  a  smooth  function.  MacCamy  proved  global  existence  and  asymptotic 
stability  for  a  corresponding  initial/boundary- value  problem.  Similar  existence  theorems 
for  MacCamy’s  model  were  established  by  Dafermos  and  Nohel  [5]  and  Staffans  [12]. 

MacCamy  does  not  address  the  issue  of  compatibility  with  thermodynamics.  However, 
one  can  show  that  there  axe  smooth  processes  consistent  with  (0.6),  (0.7)  but  for  which  an 
inequality  implied  by  (0.4)  is  violated;  within  the  context  of  [5],  [10],  and  [12]  this  probably 
is  not  a  serious  difficulty  since  the  solutions  discussed  there  remain  close  to  equilibrium 
(i.e.  close  to  a  state  where  0  is  a  constant  and  9x  =  0),  and  under  reasonable  eissumptions 
on  a,  /?,  and  /  the  aforementioned  inequality  is  satisfied  by  a  suitable  class  of  processes 
that  are  close  to  equilibrium.  (See  Section  1  of  [2]  for  further  details.) 


Here  we  consider  the  constitutive  relations^ 


il;{x,t)  =  ip{e{x,t))  +  [  ^{s,${x,t),  e\x,s),  el{x,s))ds, 

Jo 

Ti{x,t)  =  —4>'{e{x,t))  -  [  4f,2{s,9{x,t),  e\x,s),  el{x,s))ds, 

Jo 

r°°  .  _  _ 

q{x,t)  = -9{x,t)  /  ^,^{s,9{x,t),  9*(x,s),  9l.{x,s))d3, 

Jo 


and  hence  by  (0.3)  we  have 


/•~- 

e(x,t)  =  e{9(x,t))  +  I  E{Sy9{x,t),  9^[x,s),  9l.{x,s))ds  (0.9) 

Jo 

'  Wc  use  F,j  to  denote  the  partial  derivative  of  a  function  F  with  respect  to  it'^  j-th 
argument. 
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with 

e{v)  :=  ^(i/)  -  utpXu),  E{s,u,a,'jf)  ;=  'l(s,i/,a,7)  -  (5,1/,  a,  7) 

V3,i/  >  0,  a  >  0,  7eIR. 

Here  ^  is  normalized  so  that 


(0.10) 


z/,  1/5, 0)  =  0  Vs,i/>0  (0-11) 

and  satisfies  hypotheses  which  ensure  that  the  integrals  in  (0.8)  will  be  well  behaved  for 
a  reasonable  class  of  functions  d. 

We  assume  that  ^  satisfies 

4',i  (s,i/,  a,7)  +  z/4',3  (s,i/,Q:,7)  <  0  Vs,  1/ >  0,  a  >  0,  7e]R  (0.12) 

and  thus  by  the  main  result  obtained  in  [2]  the  constitutive  relations  (0.8)  are  compatible 
with  thermodynamics  and 

(s,  I/,  i/s,0)  =  0  j  =  l,2,3,4  Vs,i/>0.  (0.13) 

Substitution  of  (0.8)3  and  (0.9)  into  the  law  of  balance  of  energy  (0.1)  yields 
c/(^(x,t),  0‘(x,-),  6l.{x,-))6t{x,t)  +  -^  j  6'‘(x,s))ds 

+  /  E,3(s,0(x,i),  ^'(x,s),  ^i(x,s))[^(x,<)  -  0(x,t  -  s)]<is 

Jo  (0.14) 

+  /  ^^,4(«,^(x,t),  ^‘(x,5),  ^‘(x,s))[^i(x,t)-^i(x,<-s)]ds  =  r(x,t) 

Jo 

X  e  B,  t  >  0. 

Here  Q  is  given  by 

(5(3,^',a,7)  := (s,i/,Q!,7)  Vs,  1/ >  0,  a  >  0,  7eIR  (0.15) 
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and 


(0.16) 


^OO 

+  /  E,2is,0{x,t),  6\x,s)dl.(x,s))ds 

Jo 

is  the  instcintaneous  heat  capacity  at  (^(x,<),  6^{x,  •),  (x,  •));  the  equilibrium  heat  capac 

ity  ce{v)  at  the  temperature  u  is  given  by 


ce(i/)  :=  e\i/). 


(0.17) 


It  is  generally  assumed  in  practice  that  the  heat  capacities  are  positive. 
We  seek  a  smooth  solution  to  (0.14)  subject  to  the  initial  conditions 

6{x,t)  =  ip{x,t)  xeB,  t  <  0, 


(0.18) 


d(x,0)  =  Bq(x)  xeB, 

and  appropriate  boundary  conditions  if  B  ^  ]R.  Here  (p  >  0  and  Oq  >  0  are  prescribed 
smooth  functions.  Observe  that  (0.18)  permits  a  temporal  jump  discontinuity  in  9  at 
<  =  0.  Even  if  such  a  discontinuity  is  present  in  the  data  one  can  obtain  a  solution  that 
is  smooth  for  <  >  0  provided  that  and  r(-,0)  satisfy  certain  compatibility  conditions  at 
the  endpoints  of  B. 

It  follows  from  the  arguments  of  Gurtin  and  Pipkin  [6]  that  compatibility  with  ther¬ 
modynamics,  strict  positivity  of  the  equilibrium  heat  capacity,  and  some  assumptions  of 
nondegeneracy  imply  that  equation  (0.14)  is  of  hyperbolic  type  near  equilibrium.  The  char¬ 
acteristic  speeds  for  (0.14)  are  not  constant  and  it  is  therefore  possible  that  weak  waves 
will  be  amplified  and  shocks  will  develop.  On  the  other  hand,  equation  (0.14)  includes  a 
natural  damping  mechanism  induced  by  memory.  It  is  not  clear  which  effect  is  dominant. 
A  great  deal  of  insight  into  this  question  is  given  by  Chen  [3]  who  assumed  the  existence 
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of  solutions  containing  singularities  called  temperture  rate  waves,  and  obtained  a  formula 
for  the  amplitude  of  these  waves.  He  found  that  an  amplitude  of  small  initial  value  decays 
as  t  oo,  and  if  the  initial  amplitude  is  large  then  blow  up  may  occur  in  finite  time.  This 
suggests  that  when  the  data  are  close  to  equilibrium  equation  (0.14)  has  a  global  solution, 
whereas  if  the  data  are  sufficiently  fax  away  from  equilibrium  the  solution  may  develop 
singularities  in  finite  time. 

In  order  to  keep  the  analysis  relatively  clean,  while  retaining  the  important  features 
of  (0.14)  we  treat  the  following  special  case  in  detail: 


=  f  a'(s)F(^‘(x,s))ds, 

Tj{x,  t)  =  -4)'(6{x,  t))  -  a{s)Fiel,ix,s))ds 

r°° 

g(x,i)=  /  a'(s)F'(^‘(a:,s))ds. 

Jo 


(0.19) 


Here  4>  :  (0,  oo)  — >  IR,  a  :  [0,oo)  — +  IR,  and  F  :  IR  -4  IR  axe  smooth  functions  with 
Qg^3,i(o,  qq)  F(0)  =  0.  We  assume  that 


a  is  convex,  ^(7)  >  0  V7elR;  (0.20) 

the  arguments  used  in  [2]  can  be  applied  in  the  present  setting  to  show  that  (0.20)  implies 
that  the  constitutive  equations  (0.19)  are  compatible  with  thermodynamics.  We  note  that 
by  (0.20)  we  have 

a'  <  0,  a  >  0,  F'(0)  =  0,  F"(0)  >  0.  (0.21) 

The  corresponding  equation  for  e  is 

2  f°° 

e(x,()  =  e(«(x,t))-— —  /  (0.22) 

p(x,  i)  Jq 
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where  e  is  as  in  (O.lO)i.  Thus  (0.1)  yields 

(i’(e(x,  ())  +  3))ds)e,(x,t) 

-  - 

+  /  a'{s)F"{el{x,s))eU^,s)ds 

Jo  ^  (0.23) 

-  -XT—p:  f  a'{s)F'(0l(x,  5))[^i(x,  t)  -  Orix,  i  -  s)]ds  =  r{x,  t) 

xeB,  t  >0. 

We  establish  global  existence  and  asymptotic  stability  of  smooth  solutions  to  the  initial- 
value  problem  (0.23),  (0.18)  for  smooth  data  (r,  93,  ^o)  that  are  close  to  equilibrium.  We 
treat  Dirichlet  and  Neumann  boundary  conditions  as  well  as  the  problem  with  B  =  IR.  We 
also  maJve  some  remarks  concerning  the  extension  of  our  work  to  the  initial-value  problem 
(0.14),  (0.18). 

To  indicate  the  nature  of  our  results  let  us  consider  the  case  where  B  =  [0, 1], 
ip  =  Oq  =9*,  with  Dirichlet  boundary  conditions 

e(0,t)  =  9{l,t)  =  9*  t>0,  (0.24) 

where  ^*  >  0  is  a  given  constant. 

In  order  to  prove  global  existence  of  solutions  to  (0.23),  (0.24),  (0.18)  we  need  to 
make  additional  assumptions  on  the  constitutive  relations  and  on  the  data.  Concerning 
the  constitutive  equations  we  require  that 

a  ^  0  (0.25) 

and  we  strengthen  the  inequality  (0.21)4  to  the  strict  inequality 

F"(0)  >  0.  (0.26) 
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These  two  conditions  imply  that  the  linearized  relation  for  the  heat  flux  is  nontrivial.  We 
also  assume  that  the  equilibrium  heat  capacity  is  strictly  positive,  i.e.^ 

e'(i/)>0  Vi/>0.  (0.27) 


Assumptions  (0.25)  -  (0.27)  imply  that  equation  (0.23)  is  hyperbolic  near  equilibrium. 
Since  we  have  dependence  on  the  summed  history  of  the  temperature  gradient  (for  which 
we  do  not  obtain  a  pointwise  bound),  we  need  to  medce  a  growth  restriction  on  F  that  is 
related  to  the  decay  rate  of  a.  In  addition,  we  assume  that  the  heat  supply  r  is  smooth, 
decays  with  time,  and  is  small  in  a  sense  that  will  be  stated  more  precisely  later.  Moreover, 
to  ensure  the  existence  of  smooth  classical  solutions  the  heat  supply  r  must  satisfy  the 
condition 

r(0,0)  =  r(l,0)  =  r,(0,0)  =  r,(l,0)  =  0  ,  (0.28) 


which  guarantees  compatibility  of  the  data  with  the  boundary  conditions  at  t  =  0.  We 
note  that  our  assumptions  imply  that  a  is  a  strongly  positive  definite  kernel  in  the  sense 
of  [11].  Inequalities  for  such  kernels  play  an  essential  role  in  the  proof  of  global  existence. 
Observe  that  if  r  =  0,  then  0  =  6*  is  a  solution.  We  look  for  classical  solutions  to 


(0.23),  (0.24),  (0.18)  near  the  prescribed  equilibrium  temperature  6*  for  t  >  0.  We  show 
that  (0.23),  (0.24),  (0.18)  has  a  unique  solution  0  >  0  with  0,  9x,  ^XXl  ^Xtl  ^XXXl 
Bxxu  BrtuBtii  t  C([0,  oo);  1^(0,  i))  and  d,  0,,  ^aeL2((0,  oo);  ^^(o,  l))  n 

L°°((0,  oo);  L^(0, 1)).  Moreover,  ss  t  oo,  B{-,t)  — ♦  9*  and  9x(-,t),  ^t(-,<)  -+  0  uniformly 


^  For  our  purposes  it  suffices  to  assume  that  e'(0*)  >  0;  however,  assumption  (0.27)  is 
in  accord  with  experience  and  leads  to  certain  simplifications  in  the  proofs  of  Theorems 
1.2  and  1.3. 
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on  [0, 1].  An  analogous  result  can  be  obtained  for  Neumann  boundary  conditions  as  well 
as  for  the  problem  with  S  =  IR. 

The  eirguments  used  to  prove  global  existence  in  [5],  [10],  and  [12]  for  MacCamy’s 
model  are  similar  in  spirit  to  the  arguments  used  here.  The  primary  differences  between 
our  existence  proof  and  those  for  MacCamy’s  model  arise  from  the  dependence  of  e  on  the 
summed  history  of  9^.  This  dependence  complicates  the  analysis  and  necessitates  the  use 
of  a  new  inequality  for  strongly  positive  definite  kernels.  Global  existence  is  obtained  by 
deriving  a  priori  estimates;  in  these  derivations  we  exploit  the  compatibility  of  our  con¬ 
stitutive  relations  with  thermodynamics,  i.e.  we  make  use  of  the  entropy  inequality  (0.2). 
It  is  interesting  to  note  that  one  can  obtain  an  existence  result  for  (0.23),  (0.24),  (0.18) 
without  utilizing  the  thermodynamical  restrictions,  provided  the  linearized  equation  has 
the  appropriate  features.  However,  the  compatibility  conditions  imposed  on  our  constitu¬ 
tive  relations  by  the  thermodynamical  restrictions  allow  us  to  establish  a  global  existence 
result  under  less  restrictive  assumptions  on  the  data. 

The  paper  is  organized  as  follows.  Precise  statements  of  global  existence  results  are 
given  in  Section  1.  Section  2  is  concerned  with  appropriate  local  existence  results  and 
with  properties  of  strongly  positive  definite  kernels  relevant  to  our  needs.  Section  3  is 
devoted  to  the  proof  of  the  theorems  stated  in  Section  1;  the  proof  for  the  problem  with 
Dirichlet  boundary  conditions  is  discussed  in  detail  Eind  remarks  are  made  concerning  other 
boundary  conditions. 
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1.  Statement  of  Results 

We  first  consider  the  problem 

2  r°° 

(e'(^(x, t))  +  a\s)F{e{{x,s))ds)e,{x,t) 

+  /  o!{s)F"{e\.{x,s))e\^{x,s)ds 

Jo 

/  a'(6)F'(^‘ (x,  s))[^i(a:,  t)  -  Ox{x,  t  -  s)]d5  =  r(x,  t) 
xe[0,l],t>0, 

d(x,t)  =  6*  x€[0,l],i<0, 

d(x,Q)  =  6o{x)  xe[0, 1], 

e{0,t)  =  d(l,t)  =  d*  t>0. 


(1.1) 


(1.2) 

(1.3) 

(1.4) 


Here,  ^*  >  0  is  a  given  constant  and  :  [0, 1]  — ^  (0,oo)  is  a  prescribed  smooth  function. 
Concerning  e,  F,  and  a  we  require 


e  eC‘‘(0,oo),  (1.5) 

e(i/)>0  Vz/>0;  (1-6) 

FeC^iR),  (1.7) 

F(0)  =  0,  F"(0)>0,  F(7)>0  VtcIR,  (1.8) 

and  there  are  constants  K  >  0,  k  >  1  such  that 

|jrO)(j)  _  ir(j)(0)|  <  A'(|{|  +  lf|‘)  j  =  0, 1,2, 3,4, 5,  {sH;  (1.9) 

aeW^’^(0,  oo),  a  is  strongly  positive  definite,  a"  >  0,  (1-iO) 
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and 


rOO  poo  pOO  poo 

/  \a\z)\z^dz^  /  /  \a'{z)\z^dzds^  I  \a"{z)\z^dz, 

Jo  Jo  Js  Jo 

nOQ  poo 

\a"{z)\z^dzds,  I  \a"'{z)\ 

Jo 


(1.11) 


z'^dz  <  oo. 


The  definition  of  a  strongly  positive  definite  kernel  is  given  in  the  next  section.  For  now, 
it  suffices  to  know  that 

(i)  (1.10)1,2  implies  a(0)  >  0; 

(ii)  if  a  e  W^’^(0, 00),  a  ^  0,  and  a"  >  0  then  a  is  strongly  positive  definite. 

The  data  are  assumed  to  have  the  following  regularity: 


(1.12) 


r, r„r,,T,„r„  e C((0, oo);  L\0, 1))  n  i*((0,oo);  L\0, 1))  n  £“((0, oo);  £’(0, 1)),  (1.13) 


r(.,  0)  £  1),  r,„££"({0.  oo);  £^(0, 1)). 


(1.14) 


We  also  assume  that  the  following  compatibility  conditions  hold  on  the  boundary; 


^o(O)  =  ^o(l)  =  0% 


r(0,0)  =  r(l,0)  =  0, 


r,(0, 0)  =  (.(Of'-CO)  (-»;(0)  +  ^K(of), 
r,(l,0;  ■  o(0)f"(0) (-«;'(!)  + 


(1.15) 

(1.16) 
(1.17) 
(I.IS) 


The  interpretation  of  (1.15)  is  ei->ar;  conditions  (1.16)  -  (1.18)  ensure  that  ^t('iO)  and 
^(<(')0)  vanish  on  the  boundary.  In  order  to  state  our  results,  it  is  convenient  to  define 


©„  :=  /  (|«o(x)  -  «•)"  +  «;(!)''  +  SS(xf)d2 
Jo 


(1.19) 
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and  ^  ^ 

Ro  ;=  sup  I  (r^  +  rj)(x,<)di  +  j  rl(x,0)dx  +  (  sup  lr(x,<)|)^ 
t>0  Jo  Jo  i£(0,l] 

<>0  (1.20) 

+  f  f  +r'^  +rft){x,t)dxdt. 

Jo  Jo 

We  establish  the  following  result. 

Theorem  1.1;  Assume  that  (1.5)  -  (1-11)  hold.  Then  there  is  a  constant  6  >  0  such  that 
for  all  Oq  and  r  satisfying  (1.12)  -  (1.18)  and 


eo+i2o<<5",  (1.21) 

the  initial-value  problem  (1.1),  (1.2),  (1.3),  (1.4)  has  a  unique  solution  6  >  D  with 

C([0,oo);i’(0,l))  (1.22) 

and 

e,  B,,,  B,u  Bn  e  I~((0,  oo);  ^^(0, 1))  P  ^^((o,  oo);  1)).  (1.23) 

Moreover,  as  t  oo 

B{;t)-^B*  (1.24) 

and 

0i(-,  t),  0((-,  t)  — >  0  uniformly  on  [0,1].  (1-25) 


Remark  1.1:  The  constant  8  in  Theorem  1.1  depends  on  B*  and  on  properties  of  the 
functions  appearing  in  the  constitutive  relations. 

Remark  1.2;  By  the  Sobolev  embedding  theorem,  (1.22)  implies  that  B  eC^{\Q,  1]  x  [0,  oo)). 
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A  result  analogous  to  Theorem  1.1  can  be  established  if  we  replace  the  Dirichlet 
boundary  conditions  (1.4)  with  Neumann  boundary  conditions 

^r(0,0  =  ^i(l,<)  =  0  t>0.  (1.26) 

Remark  1.3;  Under  the  asaumptiona  of  Theorem  1.2  below  (1.26)  holda  if  and  only  if 

5(0,f)  =  9(l,t)  =0  t>0.  (1.27) 

{Recall  that  the  heat  flux.,  q,  ia  given  by  (0.19)3.)  It  ia  obvioua  that  (1.26)  impliea  (1.27).  In 
order  to  show  that  (1.27)  impliea  (1.26)  we  firat  differentiate  the  relation  for  the  heat  flux 
(0.19)3  with  respect  to  t  on  the  boundary,  making  use  o/(1.2).  We  then  add  and  subtract 
terma  to  obtain  the  identity 

a(0)^x(^)0+  f  a'{t  -  s)9x{^,s)ds 

^  =  0,1,  t>0. 

We  can  now  solve  (1.28)  for  6^,  and  make  use  of  Lemma  2.3  below  to  show  that  (1.26)  is 
the  only  continuous  solution  of  {1.2S)  that  vanishes  at  t  =  0. 

We  now  require  that  r  satisfy  (1.13),  (114),  and 

reLH(0,oo);  £2(0,1));  (1.29) 

in  addition  we  assume  that  the  compatibility  conditions 

^o(O)  =  0o(l)  =  0,  (1.30) 
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r{0,0)  =  r(l,0)  =  0, 


(1.31) 


r,(0,0)  =  -a(0)r'(0)«;'(0), 


(1.32) 


r,(l,0)  =  -a(0)F"(0)eiW 


(1.33) 


Theorem  1.2:  Assume  that  (1.5)  -  (1-11)  hold.  Then  there  is  a  constant  6  >  0  such  that 


for  every  9o  and  r  that  satisfy  (1.12)  -  (1.14),  (1.29)  -  (1.33)  and 


fOO  fl 

Qo+Ro+i  (I  r(x,t)‘^dx)^dt)'^  <6"^ 

JQ  JQ 


(1.34) 


the  initial-value  problem  (1.1),  (1.2),  (1.3),  (1.26)  has  a  unique  solution  6  >  0  with 


^xxi^xti^tti^xxxj^xxt,  ^Xtu  ^ttt  ^  C'([0,  oo);  L^{0, 1)), 


(1.35) 


e„e, « I“((0,oo); £’(0, 1))  n  L^((0, oo); £*(0, 1)), 


(1.36) 


9  «  £'”((0,00);  £"(0,1)). 


(1.37) 


Furthermore,  as  t  oo,  9{-,t)  converges  to  a  constant  9**  >  0  uniformly  on  [0, 1]  and 


dx(-,t),  9t(-,t) 0  uniformly  on  [0,1]. 


(1.38) 


Remark  1.4:  The  value  of  9**  can  he  determined  from  equation  {l.l)  as  follows. 

If  the  assumptions  of  Theorem  1.2  hold  and  9  is  a  solution  o/(l.l),  (1.2),  (1.3),  (1.26)  then 
integrating  (1.1)  over  [0, 1]  x  [0,  t],  <  >  0,  and  passing  to  the  limit  as  t  —*  oo  yields 


;(0**)  =  f  e{9o(x])dx f  f  r{x,t)dxdt. 
Jo  Jo  Jo 


(1.39) 
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By  (1.6)  e  is  strictly  monotone  and  hence  there  is  a  unique  solution  0**  of  (1.39). 


Let  us  now  consider  the  problem  stated  below  in  which  the  heat  conductor  occupies 
the  entire  real  line: 

(e'(d(x, t))  +  a'(s)F(e[(x, s))ds)  Otix, t) 

+  r  a'is)F"(6[(x,s))eUx,s)ds 

Jo  (1.40) 

2  - 

— -r  /  a'(s)F'(6l(x,s))[6^(x,t)  -  ex(x,t  -  s)]ds  =  r(x,t) 

o(x,t)  Jq 

X  e  IR,  t  >  0  , 

6(x,t)  =  6*  x€lR,t<0,  (1-41) 

^(x,0)  =  ^o(a:)  lelR.  (1.42) 


We  assume 


00  -  reH^(IR),  (1.43) 

rr ,  n ,  r„  e  C([0,  oo);  ^^(IR))  n  ^^((o,  oo);  ^^(IR))  n  L~((0,  oo);  ^^(IR)),  (1.44) 

r  €  C([o,  00);  L^(1R))  n  L\(o,  00);  l2(ir))  n  iS~((o,  00);  i:2(]R)),  (1.45) 

r(-, 0)  e  rut  ei"((0,  oo);  ^^(IR)).  (1.46) 

Note  that  (1.45)  implies  r  e  L^((0,  oo);  L^(IR)).  We  define 

y*00 

e.  :=/  {(«o(x)-«‘P  +  «'o(x)"+«'oW")<ix  (1-47) 


*/  — OO 

and 

/OO  roo 

(r^  +  rf)(x,t)dx  +  /  r^(i,  0)dx  +  ( sup  |r(z,  t)l)^ 

-oo  J—oo  xeIR 

‘>0  (1.48) 

noo  roo  foo 

(r"^ +r'l +rff)(x,t)dxdt +  (  (/  r(x,t)'^dx)-‘ dt)'^ . 

-OO  •'0  «/— oo 
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Theorem  1.3:  //(1.5)  -  (1-11)  hold,  then  there  is  a  constant  6  >  0  such  that  when  Oq  and 


r  satisfy  (1.43)  -  (1.46)  and 

01  +  Ri  ^  6^ ,  (1.49) 

the  initial-value  problem  (1.40),  (1.41),  (1.42)  has  a  unique  solution  9  >  0  with 

^  ^  ^XXXl  ^xxt>  ^xltl  ^ttt  ^  C(10,oo)ii2(lR)),  (1.50) 

«r.,  «.i,  «.> «  i“((0, «.);  I^(IR))  n  L^((0,  oo);  I,^(!R)),  (1.51) 

and 

9-9‘€L°°((0,oo);L^(1R)).  (1.52) 

In  addition,  as  t  —*  oo, 

9{-,t)  — »  9*  uniformly  on  IR  (1.53) 

and 

9x(-,t),  9t(-,t) 0  uniformly  on  IR  and  in  Z/^(IR).  (1-54) 


Remark  1.5:  A  detailed  proof  of  Theorem  1.1  is  given  in  Section  3.  With  some  minor 
modifications  the  argument  used  to  establish  Theorem  1.1  can  be  applied  to  prove  Theorems 
1.2  and  1.3;  these  modifications  are  discussed  in  Section  3. 

Remark  1.6:  Assumption  (1.11)  is  not  the  weakest  possible  to  obtain  the  global  estimates 
of  Section  3.  However,  in  order  to  establish  local  existence  the  replacement  of  (1.11)  with 
a  weaker  assumption  would  necessitate  a  much  more  sophisticated  argument  than  the  one 
used  in  Chapter  III  of  [1  ]. 
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The  results  established  here  can  be  modified  and  extended,  as  is  illustrated  below. 

(i)  Weak  Solutions:  Using  a  density  argument  one  can  show  that  under  weaker  assump¬ 
tions  on  the  data,  our  initial-value  problems  have  a  unique,  globally  defined,  weak 
solution.  More  precisely,  for  instance  in  Theorem  1.1,  if  we  replace  (1-12)  -  (1.18) 


with 

(1.55) 

r,  r,  e  ^([0,  oo);  ^^(0, 1))  n  ^^((0,  oo);  £^(0, 1))  n  £-((0,  oo);  £^(0, 1)),  (1.56) 

r  6  £~((0, 1)  X  (0,  oo)),  r(-,0)  e  H\Q,  1),  r„  e £^((0,  cx));  £^(0, 1)),  (1.57) 

and 

^o(O)  =  Boil)  =  6*,  r(0, 0)  =  r(l,  0)  =  0,  (1.58) 

then  the  result  of  Theorem  1.1  is  true  with  (1.22)  replaced  with 

B,dz,Bt,0xxt  Bxt^  0„eC([O,oo);  £2(0,1)).  (1.59) 


(ii)  Nonequilibrium  History:  Results  analogous  to  Theorems  1.1,  1.2,  and  1.3  can  be 
obtained  if  a  more  general  history  is  prescribed.  For  example,  a  result  similar  to 
Theorem  1.1  can  be  established  if  (1.2)  is  replaced  by 

9{x,t)  =  ^p{x,t)  ie[0,  l],t<0,  (1.60) 


where  ;  [0, 1]  x  (— oo,0]  — +  (0,oo)  satisfies 

€C((-(X),0];  £2(0,1)) 


n  £2((-oo,  0);  £2(0, 1))  n  £~((-oo,  0);  £2(0, 1)), 
Jo 


(1.61) 


(1.62) 
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and  the  compatibility  conditions  (1.16)  -  (1.18)  axe  modified  accordingly.  In  addition, 
the  quantity 

+  /  /  (V^i  d-V’L (1-63) 

J — oo  JO 

+  j\j^  a\s)-^F'(v\(x,>))dsfdx 
must  be  sufficiently  small,  i.e.  condition  (1.21)  is  to  be  replaced  with 

eo  +  ^-hRo  <S^-  (1.64) 

In  Section  3  we  discuss  modifications  needed  in  order  to  adapt  the  proof  of  Theorem 
1.1  to  this  case.  We  note  that  for  the  analogue  of  Theorem  1.2,  if  we  assiome  that 

¥>x(0,t)  =  <^*(l,t)  =  0  t<0  (1.65) 

then,  following  the  procedure  discussed  in  Remark  1.3,  we  can  show  that  (1.26)  is 
equivalent  to  (1.27). 

(iii)  General  Integreil  Models:  These  results  can  be  extended  to  the  Ccise  when  the  constitu¬ 
tive  equations  (0.8)  axe  considered.  In  these  equations  the  dependence  on  the  summed 
history  of  ^  is  nontri vigil;  hence  a  term  involving  9(x,t)  appears  in  the  analogue  of 
(1.1).  In  the  corresponding  linearized  equation  the  coefficient  of  $(x,t)  is 

E*:=  r  E,3{s,e\e-s,0)ds-,  (1.66) 

Jo 

one  can  show  that  compatibility  with  thermodynamics  implies  that  E*  is  nonnegative 
and  hence  the  methods  we  use  here  can  be  adopted  to  produce  analogous  results  to 


$  :=  sup 

1«(— oo,0) 


i: 
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those  stated  in  Theorems  1.1,  1.2,  and  1.3.  The  precise  statement  of  the  technical 
assumptions  required  would  be  very  complicated  and  not  very  illuminating,  e.g.  the 
mapping 

s^Q,4(s,6\9*s,0)  (1.67) 

would  have  to  be  such  that  our  assumptions  on 

s  a'{s)F"{0)  (1.68) 

would  hold.  We  will  not  discuss  this  case  in  further  detail. 
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2.  Preliminaries 


We  begin  by  stating  a  local  existence  result  for  (1.1),  (1-2),  (1.3),  (1.4).  We  first  note 
that  equation  (1.1)  is  hyperbolic  near  equilibrium,  but  may  lose  its  evolutionary  character 
at  states  sufficiently  far  from  equilibrium.  In  order  to  ensure  that  (1.1),  (1.2),  (1.3),  (1.4) 
is  well  posed  we  assume  that  da  is  close  to  equilibrium  in  the  sense  described  below.  We 
choose  ee(O,0*)  sufficiently  small  so  that  there  are  constants  e*,q*  >  0  with  the  following 
property: 


2  f°° 

e'{w{x,i))  +  — — —  a'(s)F(«;‘(a:,s))ds  >  e’  Vie[0,l],<e[0,r],  (2.1) 

W{X,t)  Jq 


and 

a' {s)F" {wKx , s))ds  >  q*  Vr  e  [0, 1],  i  e  [0,  T], 
for  every  T  >  0  and  every  w  e  L°°((—oo,T);  satisfying 


(2.2) 


)u;(i,t)  —  ^*1,  lii)i(i,t)l  <€  Vi  e  [0,  l],t  e(— oo,r]. 


(2.3) 


Such  a  choice  is  possible  by  virtue  of  our  assumptions  on  a  and  F.  (Indeed,  the  left-hand 
sides  of  (2.1)  and  (2.2)  are  strictly  positive  when  w{x,t)  =  9*.  A  simple  perturbation 
about  w  =  9*  guarantees  the  existence  of  a  suitable  e.  In  fact,  we  may  take  e*  =  ^e'{9*) 
and  q*  =  |a(0)F"(0).)  We  assume  that  9o  satisfies 

|^o(x)-^-|  ,  K(i)|<77  Vie  [0,1],  (2.4) 


for  some  rje(0,£). 

We  can  now  state  the  following  lemma. 
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Lemma  2.1:  Assume  that  (1.5)  -  (1.18)  and  (2.4)  are  satisfied.  Then  the  initial-value 
problem  (1.1),  (1.2),  (1.3),  (1.4)  has  a  unique  solution  9  >  0,  defined  on  a  maximal  time 
interval  [0,To),  To  >0,  with 


B,  dxt  Btf  Bxxy  BxtjBttjBxxXiBxxtl^Xttl^ttt  C  C{[0.To);i"(0,l)) 


(2.5) 


and 


|«(i,()  -^"l,  <c  Vi£[0,  l],«c[0,  To). 


(2.6) 


Moreover,  if 


sup  \6{x,t)  —  6*\,  sup 

i<(0,l]  *<[0,1] 

«<[0,To)  t<[0,To) 


|^i(x,()|  <  e 


(2.7) 


and 


sup 

<<[o,ro) 


Jq 


+  0' 


z  +  +  ^xx  +  ^ 


xt  + 


+  ^Ixx  +  ^Ixt  +  ^Itt  +  <  oo  (2-8) 


then  To  =  oo. 


A  result  analogous  to  Lemma  2.1  can  be  established  if  we  replace  (1.4)  by  (1.26)  (i.e. 
if  instead  of  Dirichlet  boundary  conditions  we  consider  Neumann  boundary  conditions) 
and  (1.15)  -  (1.18)  with  (1.29)  -  (1.33).  Similarly  to  (1.1),  (1.2),  (1.3),  (1.4),  the  initial- 
value  problem  (1.1),  (1.2),  (1.3),  (1.26)  has  a  unique  solution  6  defined  on  a  maximal  time 
interval  [0,To),To  >  0  satisfying  (2.5)  and  (2.6).  One  can  also  obtain  a  corresponding 
result  for  the  case  when  the  heat  conductor  occupies  the  entire  real  line;  the  assumptions 
required  in  this  case  would  be  the  analogues  on  IR  of  the  zissumptions  stated  above. 
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The  proof  of  Lemma  2.1  is  given  in  Chapter  III  of  [l]^  so  we  omit  the  details.  It  is 
interesting  to  note  that  although  compatibility  of  the  constitutive  relations  (0.19),  (0.22) 
with  thermodynamics  determines  the  form  of  equation  (1.1)  it  plays  no  further  role  in  the 
proof  of  Lemma  2.1.  However,  a  bootstrapping  argument,  in  which  the  thermodynamical 
restrictions  play  an  essential  part,  can  be  applied  to  strengthen  the  result  described  in 
Lemma  2.1.  More  precisely,  one  can  show  that  under  the  assumptions  of  Lemma  2.1,  if  0 
satisfies  (1.1),  (1-2),  (1.3),  (1.4)  on  a  maximal  time  interval  [0,  To),To  >  0  (and  hence  0 
satisfies  the  entropy  inequality  (0.2)),  then  a  bound  on  the  X°°({0,  To);  X^(0, 1))  norms  of  9 
and  its  derivatives  through  order  two  implies  that  there  is  a  botmd  on  the  aforementioned 
norms  of  third  order  derivatives  of  9.  Hence,  one  can  establish  the  following  lemma. 

Lemma  2.2:  Suppose  that  the  assumptions  of  Lemma  2.1  hold  and  that  9  is  a  solution  of 
(1.1),  (1.2),  (1.3),  (1-4)  on  a  maximal  time  interval  [0,  To),ro  >0.  If  9  satisfies  (2.7)  and 

sup  f  (0^  +  +  9^j.  -I-  9^f  +  9((){x,  i)dx  <  oo,  (2-9) 

u[o,To)  Jo 

then  To  =  oo. 

^  Assumption  (1.15)2  of  Chapter  III  of  [1]  does  not  suffice  to  ensure  that 
1).  One  needs  to  mahe  the  additional  assumption  that 

Jo 

where  (p  :  [0, 1]  x  (-oo,  0]  -+  (0,  oo)  is  a  prescribed  general  history,  i.e. 

d{x,t)  =  ip{x,t)  ic[0, 1],<<0. 

However,  the  arguments  used  to  prove  Theorem  1.1  of  Chapter  III  of  [1]  remain  valid. 


Remark  2.1:  If  6  is  a  solution  of  (1.1),  (1-2),  (1-3),  (1.4)  then  6  satisfies  the  entropy 
inequality  (0.2),  where  the  entropy  and  the  heat  flux  are  given  by  (0.19)2  and  (0.19)3,  *-e. 


(x,0 

t) 


(2.10) 


Recall  that 


e(u)  :=  t^(z/)  —  vxj)'{v)  Vi/  >  0, 


(2.U) 


hence  (1.5)  implies 


Vi"eC(0,oo). 


(2.12) 


Before  proving  Lemma  2.2  we  introduce  the  following  definition.  For  T  >  0  and 
0  <  /i  <  T,  we  define  the  forward  difference  operator  Ah  (with  respect  to  the  time 
variable)  by 


{Ah'w){x,t)  :=  w{x,t  +  h)  —  w{x,t)  Vx  e  [0, 1],  t  e  [0,  T  —  h]  (2.13) 

for  every  w  e  C([0,  T];  L^(0, 1)). 

Proof  of  Lemma  2.2;  Let  0  be  a  solution  of  (1.1),  (1.2),  (1.3),  (1.4)  on  a  maximal  time 
interval  [0,To),To  >  0,  such  that  (2.7)  holds.  Our  aim  is  to  show  that  if  To  <  oo  then 

sup  f  {6'^  +  $l  +  +  6lj.  +  9lt  +  0f^){x,t)dx  =  <X).  (2.14) 

«<(0,To)  Jo 

For  this  purpose  it  is  convenient  to  introduce  the  quantities 

72(0  :=  sup  /  (0^  +  01  +  0?  +  0IJ.  +  +  ^n)(x, s)dx  te[0,To),  (2.15) 

se[0,l]  Jo 
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(2.16) 


73(t)  := 


:=  sup  f  {6 

ae[0,t]  JQ 


zxt 


+  ^L  +  ^I1|)(^.'’)*  <f|0,To), 

e  :=  /  («o(x)"  +  «i(x)"  +  es(xf  + 

Jo 


and 


i?  :=  sup  /  (r‘^  +  +  rf  +  rlt  +  rft)(x,t)dx  +  f  r\^{x,Qi)dx 

le(0,oo)  Jo  Jo 

+  f  [  {r'^  +rl+r^  +  rlt  +  +  r'^tt){x,  t)dxdt. 

Jo  Jo 

In  the  following  calculations  we  malce  use  of  the  inequalities 


N 


N 


t=i 


t=i 


a2 

\AB\<~  +  XB^  A,BeIR,A>0, 

4/\ 


and 


(2.17) 


(2.18) 


(2.19) 


(2.20) 


IIA*  B||:,p((0.T);L2(0,1))  ^  I|AI1l1(0,oo)||5||lp((0,T);LM0,1)) 


(2.21) 


for  every  T  >  0,  A€L*(0,oo),  and  BeX^((0,r);  L^(0, 1)),  where  1  <  p  <  oo  and  A*  B 
denotes  the  convolution  of  A  with  B.  We  use  F  to  denote  a  (possible  large)  positive  generic 
constant  which  is  independent  of  9o,r,  and  Tq. 

We  first  differentiate  equation  (1.1)  twice  with  respect  to  t  and  then  apply  the  forward 
difference  operator  Ah  to  the  resulting  expression.  We  multiply  the  new  equation  by  A/,0u 
and  integrate  over  [0,1]  x  [0,  <],^  e  (0,  To).  After  several  integrations  by  parts,  we  divide 
both  sides  by  h?  and  let  /i  J.  0  to  obtain  the  identity 
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1 

2 


j\g(e(x,t))  +  a'U)F(S‘,(x,s))d3)eUx,t)dx 

+  I  jf '  e'(9„(l))«?„(i,  0)<il  +  i<.(0)F"(0) 

+  5  /'  j[  ^(«'(«(I.  ^))  +  ^7^  2°°  A^)F(K{^<  z))dz)BU=:,  ^)dx:d3 
~\f  £  r o.'(z)F"(Si(x,z))dzel„ix.s)dxds 

- -27— ^  f  a'{z)F'{6%{x,z))6j,{x,s  -  z)dz)6tttix,s)dxds 

6'(x,5)  Jo 

2  f°° 

Jo 

1  |(«»(x,.)|(e'(S(x,.)) 

2  r°° 

+  ^  /  o.\z)F{ei{x,z))dz))0ttt{x,s)dxds 

Jo 

+  J  J  ^  J  a'{z)F''{ei{x,z))6j.x{x,s  ~  z)dzettt{x,s)dxds 

~  lo  lo  Jo 

-2J  J  e^tix,s)-^J  a{z)F'"(0l.{x,z))9l^{x,z)dzetttix,s)dxds 

^  lo  L  Jo  a'(^)^'(^T(^7  2))^2)^«<(x,5)<ixJs 


(2.22) 
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rt  02  AOO 

~^Io  I  «€(0,To). 

Here  ^ttt(-,0)  and  ^ztt(’>0)  axe  determined  from  equation  (1-1).  Making  use  of  (2.1), 
(2.2),  (2.10)  (to  estimate  the  first  term  on  the  right-hand  side  of  (2.22)),  (2.19),  (2.20), 


(2.21),  and  the  Sobolev  embedding  theorem  one  can  show  that 

f  (^Itt  +  <  r{0-|-i?-f-7|(i)  +  72(0 

Jo 

+  [1  +  +  (1  +  f){72*  (t) 

+  72~^(0]  [  f  i^lzT+^lxt  +  ^ltt  +  ^m)i^^s)dxds] 
Jo  Jo 


Vte[0,To). 

We  differentiate  (1.1)  twice  with  respect  to  f,  squzire  the  resulting  expression,  and  then 


integrate  over  [0, 1]  to  obtain  the  inequality 

rl  rOO 

/  (/  a'{s)F''(«‘,{x,s))dsfel„{z,t)dx 

Jo  Jo 

fi  2  r°°  - 

+  8  j(  (9„(i,  *)^  /  a'(s)F\l',{x,s))dsfdx 

+  5^  /  a'(3)F''(S‘^(x,s))0ii(x,t  -  s)d3ydx 

+  5  j('(^  /'  “)))««(:>', 

-b  5  /  r1i{x,t)dx  Vf€[0,To). 

Jo 

One  can  show  that  (2.24)  implies 

/'  «l„{x.  t)dx  <  r{R  +  72(0  +  72‘+’C0 
Jo 

+  (1+72(0  +  72^0)  /  (^rtt +  V<e[0,ro). 

Jo 


(2.24) 


(2.25) 
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We  now  differentiate  (1.1)  once  with  respect  to  t  and  then  once  with  respect  to  x.  We 
square  the  result  and  integrate  over  [0, 1]  to  get 

/  (/  o.\s)F"{e^^{x,s))dsf6l^^{x,t)dx 
Jo  Jo 

2  r°°  - 

+  5  /  (0xxix,t)-^  f  a'{s)F''{dl.{x,s))ds)'^dx 

^  (2.26) 
+  5  a'(s)F"(6*^(x,s))6xxix,t  —  s)ds)^dx 

+  5  j('(£  I’  a'(s)f^F"(SU^,s))SU^,s)dsrda: 

+  5  /*  rl^(x,t)dx  Vte[0,To). 

Jo 

In  order  to  obtain  bounds  on  the  third  and  fourth  terms  on  the  right-hand  side  of  (2.26) 
we  make  use  of  the  following  observation:  we  have 

g{x,t)  =  g{x,0)  +  f  gtix,s)ds  Vx  e  [0, 1],  t  e  [0,  T]  (2.27) 

Jo 

and  hence 

f  g^{x,t)dx  <2  f  g^{x,0)dx  +2t  f  f  g^{x,s)dxds  Vte[0,r]  (2.28) 

Jo  Jo  Jo  Jo 

for  every  T  >  0  and  every  smooth  function  g  :  [0, 1]  x  [0,  T]  — +  IR.  Thus  we  arrive  at  the 


inequality 


/  el,A^,t)dx  <  T{R  +  72(()  +  72‘+’(() 

Jo 

+  (1  +  72(0  +  72(0)  /  (^Lt  +  ^Lt)(^>0^^ 

Jo 

+  f(l  +  ^2(0  +  72'^'(0)  f  f  Cx(^,  Vf  6  [0,  To). 

Jo  Jo 


(2.29) 


We  do  not  give  further  details  of  the  calculations  involved  to  obtain  (2.23),  (2.25),  (2.29) 
since  they  are  similar  in  spirit  to  calculations  described  in  Section  3  below. 


2 


Combining  (2.23),  (2.25),  zmd  (2.29)  it  is  easy  to  show  that  there  is  a  constant  N  = 
N{k)  >  2  such  that 

/  + «lti + <  f {6  +  0= + jj + + t2(t„) 

Jo 

72''(T„)  +  [l  +  ili  +fi  +  (l  +  T„)(7|(To)  +  7f(ro))l  f  (2.30) 

Jo  Jo 

+  ^Lt  +  +^«t)(^>'S)<^a:<is}  Vte[0,ro), 

where  f  is  a  fixed  positive  constant  independent  of  r,  and  Tq.  Thus  Gronwall’s  inequality 


implies 


73(H)  <  f [0  +  eV  B  +  72(H)  +  72'‘'(H)leip(f To[l  + 


(2.31) 

+  K  +  (1  +  H)(7|(H)  +  72'(H))1). 

According  to  Lemma  2.1,  if  Tq  <  00  then  73(To)  =  00  and  hence  (2.31)  leads  to  the  desired 
conclusion.  ■ 

In  the  analysis  of  (1.1),  (1.2),  (1.3),  (1.4)  we  make  essential  use  of  several  properties  of 
strongly  positive  definite  kernels.  A  function  beL\^Jfi,oo)  is  said  to  be  positive  definite 


/  w{s)  f  b{s  —  z)w{z)dzds  >  0  V<>0, 
Jo  Jo 


(2.32) 


for  every  weC[0, 00).  The  kernel  b  is  said  to  be  strongly  positive  definite  if  there  is  a 
constant  c  >  0  such  that  the  mapping  t  b{t)  —  ce~‘  is  positive  definite. 

This  definition  is  generally  not  easy  to  check  directly.  One  can  show  that  if  6  e  (0, 00) , 


then  b  is  strongly  positive  definite  if  and  only  if  there  is  a  constant  c  >  0  such  that 


ReC[b]{iu;)  >  ,  :  VweIR, 

4- 1 


(2.33) 


where  £(•]  denotes  the  Laplace  transform.  It  is  liseful  to  know  that  if  6€C^[0,oo)  and 


{-iyb^^\t)  >0  V<  >  0,  >  =  0, 1, 2,  b'  ^  0, 


(2.34) 
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then  6  is  strongly  positive  definite.  With  sufficient  regularity,  one  can  obtain  information 
concerning  the  pointwise  behaviour  near  zero  of  strongly  positive  definite  functions.  In 
particular,  (1.10)i,2  imply 

a(0)  >  0,  a'(0)  <  0.  (2.35) 

This  follows  easily  by  expressing  a(0)  and  a'(0)  in  terms  of  the  Laplace  transform  of  a  (cf., 
e.g.  Section  2  of  [7]).  Condition  (2.35)  plays  an  important  role  in  the  analysis.  See,  for 
example,  [11]  for  more  information  on  strongly  positive  definite  kernels. 

In  order  to  obtain  certain  estimates,  we  need  to  solve  (1-1)  for  Oxx-  For  this  purpose 
we  recall  that  for  each  y  e  ij|oc[0,  oo),  the  equation 

a(0)io(<)  +  /  a\t  —  s)w{s)ds  =  y{t)  t  >  0  (2.36) 

Jo 

has  a  unique  solution  w  eL}g^[0,oo);  this  solution  is  given  by 

"  •s)y(5)ds)  t  >  0,  (2.37) 

a(0)  Jo 

where  m,  the  resolvent  kernel  of  o',  is  defined  to  be  the  unique  solution  of  the  resolvent 
equation 

a(0)m(t)  +  f  m(i  —  3)a'{s)ds  =  t  >  0.  (2.38) 

Jo 

Using  a  Paley- Wiener  type  argument,  (1.10)i,2,  and  properties  of  strongly  positive  kernels, 
we  establish  the  following  lemma. 

Lemma  2.3;  Assume  that  (1.10)i,2  satisfied.  Then  the  solution  m  to  (2.38)  satisfies 
m'  e£-^(0,  oo). 
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R.emark  2.2:  Under  assumptions  (1.10)i,2  (l-ll)i  one  can  also  show  that 


m(t)  = 


<^(Q) 

£[a](0) 


+  M(t) 


Wt  >  0, 


(2.39) 


where  MeL^(0,  oo). 


Proof  of  Lemma  2.3:  Define  11  :=  {^eC  :  Re.^  >  0}.  Formally  taking  Laplace  transforms 
in  (2.38)  we  find  that 


£[m](0  = 


a(0)  +  £[a'](0 

Recall  that  (1.10)i,2  imply  (2.35).  Thus,  by  (2.38)  we  have 


(2.40) 


£[m'](0 


a-(0)  (C[a'm 

a(0)  a{0)  +  £[a'](0  ^ 


(2.41) 


After  a  simple  computation  we  obtain 


By  (2,33)  and  the  maximum  principle  for  analytic  functions  £[o]  does  not  vanish  on  11. 
Hence,  by  (2.35)i  and  (2.33),  £[m']  is  locally  analytic  on  11  in  the  sense  of  Definition  2.1 
of  [9].  Observe  that  for  ^  near  infinity  we  have 

..  n.,.  _  -a(0)(e>C[aq(O  -  a-(0))  +  a'mWm 

a(0)(a(0)  +  £[a'](0) 

^  -a(0)£K](O  +  a^(0)£[a1(O  ^ 

a(0)(a(0)  +  £[a'](0) 

Thus  C[m'\  is  locally  analytic  at  infinity  and  £[m'](oo)  =  0.  Therefore,  by  Proposition  2.3 
of  [9]  m'  eL^(0,oo)  and  the  proof  is  complete.  | 
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Before  describing  our  next  result  we  introduce  the  following  notation  (which  is  also 
used  in  the  next  section).  For  6eL)Qg[0,oo)  we  define 


Q(w,t,b)  :=  f  f  w(x,s)  f  b(s  —  z)w(x,z)dzdxds  Vie[0,  T],  (2.44) 

Jo  Jo  Jo 

for  every  T  >  0  and  every  t(;eC([0,T];  Xr^(0, 1)).  The  result  below  was  motivated  by 
Lemma  2  of  [8]. 

Lemma  2.4:  Assume  that  (1.10)i,2  hold.  Then  there  exists  a  constant  L  >  0  such  that 

/  w^{x,t)dx<L  /  w^(x,0)«ix  +  L  /  /  w"^{x,s)dxds 

Jo  Jo  Jo  Jo 


(2.45) 


+  Lliminf  — Q(A/,ti;,t,a)  V<e[0,T], 
Aio 


for  every  T  >  0  and  every  w  eC([0,T]',  jL^(0,  1))  and  consequently,  by  Lemma  2.5  of  [7], 
there  is  a  constant  L*  >  0  such  that 


f  w^(x,t)dx  <  L*  f  ■w^(x,0)dx  +  L*Q(w,t,a) 
Jo  Jo 


(2.46) 


+  L*liminf  —  (5(A/,iy,t,a)  Vfe[0,r], 
hio 


for  every  T  >  0  and  every  w  e  C([0,  T];  L^(0, 1)). 


For  the  proof  of  Lemma  2.4  it  is  convenient  to  introduce  the  following  notation 


e(t)  :=  e~  Vte[0,oo). 

In  addition,  for  T  >  0  and  0  <  h  <  T,  we  define  the  quantity 

(Dhw)(x,t)  :=  /  Ahw(x,s)ds  Vfe[0,r  — h], 

Jo 

for  every  u;eC'([0,T];  1-^(0, 1)).  We  note  that 

/i^h  ph 

iv{x,s)ds~  j  w(x,s)ds  te[0,T  —  h]. 


(2.47) 


(2.48) 


(2.49) 
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Proof  of  Lemma  2.4:  We  first  observe  that  by  (1.10)i,2  there  exists  a  constant  c  >  0 
such  that 


0  <  <  cQ(t),t,a)  Vte[0,T], 


(2.50) 


for  every  T  >  0  and  every  v  e  C([0,  T];  L^(0, 1)).  Let  T  >  0,  h  e  (0,  T),  and  w  e  C([0,  T]; 
L^(0, 1))  be  given.  Integration  by  parts  (twice)  leads  to  the  following  identity: 

Q(A;iit;,t,e)  =  ^  f  (DfcU;)(i,t)^di  +  /  /  (Dfciy)(i,  s)^dxds 

2  Jo  Jo  Jo 

-  f  (Df,w){x,t)  f  e~^^-‘‘\Dkw)(x,s)dsdx  (2.51) 

Jo  Jo 

~  [  [  (Dhw)(x,s)  f  z)dzdxds. 

Jo  Jq  Jo 

Dividing  both  sides  of  (2.51)  by  hJ  and  letting  h  f  0  we  can  show  that  lim  ^Q{J\hW,  t,  e) 

hlo 

exists  and  is  given  by 

1  I 

lim— Q(A/,u;,t,e)  =  -  /  [u)(i,t)  -  u)(i,0)]^(ix 

a|0  /I*  Z  Jq 

+  I  f  [u;(x,  s)  —  tt;(x,0)pdxds 

Jo  Jo 

—  f  [t4;(x,  <)  —  u;(x,  0)]  f  e~^‘''*^[w(x,  s)  —  ti;(x,  0)]dsdx 
Jo  Jo 


(2.52) 


—  f  f  [u^(x,  s)  —  u;(x,0)]  /"  e  ^^[w{x,  z)  —  w{x,0)]dzdxds 
Jo  Jo  Jo 

After  some  simple  computations  we  obtain  the  following  expression  for  the  last  two  terms 
on  the  right-hand  side  of  (2.52) 

-  f  [ti/(x,t)  —  u;(x,0)]  f  e~^^~^^[w{x,s)  —  w{x,Q)]dsdx 
Jo  Jo 

=  —  f  w{x,t)  f  e~^*~^^w{x,s)dsdx  +  f  u)(x,0)  f  e~^^~^^w{x,s)dsdx  (2.53) 
Jo  Jo  Jo  Jo 

—  f  u;^(x,0)[l  —  e“‘](ix -f  /  10(1,  <)u;(x,0)[l  —  e“‘]dx, 

Jo  Jo 
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(2.54) 


—  f  /  [wj(x,5)  -  u;(i,0)]  /  c  ^^[w{x,z)  —  w{x,0)]dzdxds 
Jo  Jo  Jo 

=  —Q{'w,t,e)—  f  [  w'^{x^Q)dxds  f  ‘uP{x,Qi)[l  —  e~*\dx 
Jo  Jo  Jo 

+  2  /  /  w{x,3)w{x,0)dxds  —  j  I  w(x,3)w(x,0)e~"dxds 

Jo  Jo  Jo  Jo 

—  I  I  w(x,s)w(x,Q)e~^*~‘^dxds. 

Jo  Jo 

Hence,  (2.52)  implies 

^  j  w'^{x,t)dx  =  ]im-^Q{AhW,t,e)  +  Q{v),t,e)  -  f  f  w^{x,3)dxd3 
■6  Jo  d  Jq  Jq 

—  ^  /  w^{x,Q)dx+  f  w(x,t)  f  e~^*~*^w(x,s)d3dx  +  f  w(x,t)w(x,0)e~^dx  (2.55) 
2  Jo  Jo  Jo  Jo 

+  11  w(x,3)w(x,0)e~^dxds. 

Jo  Jo 

To  complete  the  proof  we  use  the  inequality  (2.20);  for  A  >  0 

1  f  w(x,t)  f  e~^^~"^w(x^3)d3dx\ 

Jo  Jo 

<  A  /"  w^{x,t)dx  +  -^  /(  /  e~^*~^^w{x,3)ds)^dx 

<A  /  w^{x,t)dx  +  ■—  j  j  w^{x,s)dxds, 

Jo  Jo  Jo 

I  f  i(;(x,<)u;(x,0)e“*dx|  <  A  f  w^{x^t)dx  +  —  f  w^{x,0)dx, 

Jo  Jo  Jo 


(2.56) 


(2.57) 


and  similarly 


nw(x,3)w(x,0)e  ^dxd^l 

_ 

<  f  f  w^{x,s)dxd3  +  —  f  e~^^ds  f  w^{x,0)d2 

Jo  Jo  4  Jo  Jo 

<  I  I  w^{x,s)dxds  +  -  I  w^{x,0)dx. 

Jo  Jo  °  Jo 


(2.58) 


Hence,  if  A  >  0  is  chosen  to  be  sufficiently  small  the  desired  conclusion  follows  from  (2.50). 


3.  Proof  of  Theorem  1.1. 

We  choose  e  e  (0,  &*)  as  in  the  first  paragraph  of  Section  2.  If  (1.21)  holds  with  8  <  tj/2, 
for  some  rj  e  (0,  e),  then  the  Sobolev  embedding  theorem  implies 

10o(x)-^1,|0o(x)l  <  \/20^<  ^  Va:e[0,l].  (3.1) 

Therefore,  by  Lemmas  2.1  and  2.2,  the  initial-value  problem  (1.1),  (1.2),  (1-3),  (1.4)  has  a 
unique  solution  ^  >  0  that  satisfies 

Of,  Oxxt  Oxtl  Otti  Oxxxi  Oxxtl  Oxttl  Ottt  €C([0,To);i"(0,l))  (3.2) 


and 


|5(x,t)  -  0*1,  |^i;(i,t)l  <  e  Vie[0,l],te[0,To) 


(3.3) 


on  a  maximal  time  interval  [0,  To),  To  >  0.  Our  aim  is  to  show  that  if  (1.21)  holds  for  6  >  0 
sufficiently  small,  then 

sup  [  {[9{x,t)-0*f +el{x,t)  +  d‘j{x,t)  +  el^{x,t) 

«€[o,ro)  Jo 

-f-  0lf(x,  t)  -f-  0ff{x,t))dx  <  oo 


(3.4) 


and 


sup  |0(x,f)  — 0*1,  sup  |02:(x,<)|<e 

ie[0,l]  xf(0,J) 

t«[0,ro)  t<[0iTo) 


(3.6) 


and  hence  To  =  oo  (by  Lemma  2.2).  For  this  purpose  it  is  convenient  to  introduce  the 
quantities 

5(f)  :=  sup  /  ([0(x,s)  -  0*]^ -I- 0i(x,s) -I- 0t(x,s)  +  0jj(x,s) 
je(0,t]  Jo 

+  el,{x,a)  +  $J,(x,s))<lx 

+  f  f\\e(x,s)-e-f+el{x,s)  +  eUx,3)  +  el,(x.s) 

Jo  Jo 

+  6lf(x,s)  +  6ft{x,s))dxds  fe[0,  To) 


(3.6) 
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and 


u{t)  :=  sup  ([^(x,  s)  -  ^  +  dl(x,  s)  +  0f(x,  s))  ^ 

*<[0,1] 
a«[0,«] 


+  ([  (sup  |ei(x,s)l)^ds)2  te[0,To). 

Jo  *<[0,1] 


Equation  (1.1)  can  be  rewritten  as  follows 

e'{e*)et{x,  t)  -  F"(Q)  f  a(t  -  s)^„(x,  s)ds 

Jo 

=  -{e'{6{x,t))-e:{e*))6,{x,t)-  t  e..ix,s)  r  a\z){F"ielix,z)) 

Jo  Jt-s 

-F"{0))dzds-j^e,(x,t)  ra'(^)F{el(x,s))ds 

Jo  (3.8) 

+  ^^^*(^,0j[  a'is)F\ei{x,s))ds 

-jr~^  f  o.'(s)F'{el.{x,s))6^{x,t- s)ds  +  r{x,t) 

0{x,t)  Jo 

x€[0,  l],te[0,To). 

In  the  derivation  of  this  equation  from  (1.1)  we  make  use  of  (1.2)  and  (1.8).  The  second 
terms  on  both  sides  of  (3.8)  are  obtained  through  the  following  computation 

r<X>  fOO  ft 

/  a'(s)F"(^‘(x,s))^‘j.(x,s)ds  =  /  /  a'(s)F"(0j(x,  s))0ij(x,  z)dzds 

Jo  Jo  Jt—S  tn  r\\ 


=  [  6j;x(x,z)  f  a'{s)F''{6l.{x,s))dsdz. 
Jo  Jt-z 


The  aim  of  the  computations  that  follow  is  to  establish  the  inequality  (3.40)  below;  to 
do  so  we  employ  energy  methods.  We  use  two  main  types  of  estimates  in  this  argument; 

(i)  estimates  derived  directly  from  energy  integrals; 

(ii)  additional  estimates  obtained  from  equation  (3.8)  through  the  use  of  inverse  Volterra 
operators. 

In  our  energy  integrals,  the  left-hand  side  of  (3.8)  will  lead  to  positive  definite  con¬ 
tributions  and  the  right-hand  side  will  lead  to  terms  that  are  small  provided  the  solution 
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is  near  equilibrium.  We  maJce  essential  use  of  Lemma  2.4  in  the  estimates  of  type  (i);  in 
addition,  in  order  to  estimate  the  energy  integral  of  highest  order  one  must  exploit  com¬ 
patibility  of  our  constitutive  relations  (0.19),  (0.22)  with  thermodynamics,  i.e.  we  make 
use  of  the  fact  that  a  solution  of  (1.1),  (1-2),  (1.3),  (1.4)  satisfies  the  entropy  inequality 
(0.2).  (See  Remeirk  2.1  for  further  details.)  Lemma  2.3  plays  an  important  role  in  the 
estimates  of  type  (ii).  A  reader  who  is  unfamiliar  with  energy  methods  and  seeks  further 
motivation  for  our  computations  may  wish  to  look  at  the  argument  following  (3.40)  before 
reading  the  derivation  of  (3.40). 

In  the  numerous  estimations  that  follow  we  maJce  frequent  \ise  of  the  inequalities 
(2.19),  (2.20),  and  (2.21).  We  use  F  to  denote  a  (possibly  large)  positive  generic  constant 
which  is  independent  of  and  Tq. 

To  obtain  our  first  energy  integral  we  multiply  equation  (3.8)  by  (0  —  ^*)  and  integrate 
over  [0,1]  X  [0,i],  t  e  [0,  To).  After  integration  by  parts  we  find  that 

-  rfdx  +  F"i0)Qie„t,a) 

=  \e'{d*)j\eo{x)-$*]^dx 

+  f  f[e{x,s)-e*]{-{e\e{x,s))-e\d^))9t{x,s) 

yo  Jo 

aOO 

-  /  /  a'(z)(F''{e’(x,z))-F"(0))dzdy  (3.10) 

Jo  J 3—y 

r Az)Fmx.z))dz 

tf[X,S)  Jq 

2  - 

+  a\z)F'{dl{x,z))dz 

u[X,3)  Jq 

a'{z)F'{6l{x,z))6x{x,s  —  z)dz  4-  r{x,s)}dxds  V<  e  [0,To). 


e' 


We  next  differentiate  (3.8)  with  respect  to  t: 

(0*)0„(x,  t)  -  F"(O)a(O)0„(x,  t)  -  F"(0)  r  a'{t  -  5)0„(x,  s)d3 

Jo 


=  |^{-(e'(0(x,t))-e'(0*))^,(x,t) 

-  /%„(x,5)  r  a'(z)(F"(§i(x,z))-F'\(i))dzds 

Jo  Jt-s  (3.11) 

~  f  o.'{s)F\el.{x,s))ds 

“(x,{)  o{^X,tj  Jq 

-  u-;— /  a'(s)F'(^‘(x,s))0i(x,t-s)<is  +  r(x,t)} 
ff{X,t)  Jq 

xc[0,  l],<c[0,ro). 

Multiplying  this  equation  by  and  integrating  over  [0,1]  x  [0,i],  t  e  [0,  To)  we  obtain 
the  following  expression: 

t  9]{x,  t)dx  +  F"(0)Q(6,„t,a) 

=  F"(0)  f'  (\(s)ffi(x)$,(x,s)dxds-¥\i'{e')  j  e\{x,a)dx 
Jo  Jo  2  ^0 

^  lo  lo 

-  f  e,x{x,y)  r  a'iz)iF'\$i{x,z))~F"iO))dzdy 

Jo  J 3—y 

2  /•°°  _ 

/  a'(2)F(0^(x,z))(ix 

2  r°°  . 

+  — - r0i(x,s)  /  a'(z)F'(0^(x,z))dz 

v(x,sj  Jo 

—  /  a'(z)F'(^*(x,z))^j(x,s  —  z)<iz  +  r(x,5)}<ix<fs  Vie[0,To). 
p(x, s)  Jq 

We  note  that  according  to  equation  (3.8)  we  have 


(3.12) 


1 


e'(c'o(a:)) 


(3.13) 


37 


Differentiation  of  equation  (3.11)  with  respect  to  t  yields  (after 
terms  by  parts) 

-  F"{0)a(0)d,,t(x,t)  -  F"(0)  f  a! {t  -  s)e^,t{x 

Jo 


=  F"(O)a'(t)0''(x)  +  ^{-(e'i6{x,t))  -  i\e*))9,{x,t) 
2  f* 

~e(x~t)  Jo  “'(^)-^'(^x(2:,5))0x(a:,t-s)ds  +  r(i,<)} 

+  ^{j(  -  3)a'(3)(F"(S‘,M)  -  F"{0))d3 

+  /  9j.x{x,s)  [  a'(z)F"'{dl.{x,z))dzi^ii  —  z)dzds} 
Jo  Jt~a 

-  r  a' (3)(F''{S‘,ix,s))  -  F"{0))ds 

dj:x(x,s)  f  a'{z)F'"{9^^{x,z))dzds 

-^(^Xt(x,t)  jf  a\s){F'\ei{x,s))-F'\0))ds) 
d'^  2  r°° 

“  I 

a\3)F(e[{x,s))ds 


2  /■°° 

0(^)1 

+  y  'z'{3)F'{S‘^{x,s))ds) 

2  /■~ 

+  ^xtt(r,i)— — -r  /  a'(^)F'(0‘(i,5))ds  x  e  [0, 1],  t  e  [0,  To). 

6'(x,t)  Vo 

In  analogy  with  the  previous  calculation,  we  multiply  (3.14)  by  9tt 
[0, 1]  X  [0,  t],  t  €  [0,  To).  The  resulting  relation  is 


integrating  several 


,  s)ds 


(3.14) 


and  integrate  over 
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9l(x,  t)dx  +  F"(0)g(^,„,  a) 

=  F"(0)  f  f  a'{s)9o{x)9tt(x,s)dxds  -  F"(0)  f  a{t)9xtix,0)9j.t{x,t)dx 
Jo  Jo  Jo 

+  F"(0)a(0)  [  9lt(x,0)dx  +  F"(0)  f  f  a'is)9:,t(x,0)9rtix,s)dxds 
Jo  Jo  Jo 

+  \i'(n £  el(x,0)dx  +  f  /" «„(x,s)^{-(i'(«(x,3))  -  iXe'))e^{x,s) 

- - r  f  a'{z)F'{9l{x,z))9j:{x,s  -  z)dz  +  r{x,s)}dxds 

9{x,s}  Jo 

+  j  f  6„(x,3)^{  r«„(i,^-2K(z)(F"(,9J(i,z))-F"(0))ciz 

+  f  ^xx{^,y)  [  a'{z)F"'{9l(x,z))9j:{x^s  —  z)dzdy]dxds 

Jo  Js~y 

~  Jo  lo  ^))  -  F"iO))dzdxds 
-J  J  ^tt{x,s)9x(x,s)-~  j  9j;x(x,y)  J  a!{z)F'"{9%{x,z))dzdydxds 

+  11'  t)  a'{3)(F"{9Ux,  3))  -  F"iO))d3dx 

1  /•<  /•!  8  r°° 

~  2  Jo  Jo 

rt  ,1  d'^  2  f°° 

~  Jo  -y^-  a'{z)F{9l^{x,z))dz)dxds 

/•I  1  /•'”  _ 

~  Jo  g(x~t)2  y  a'{s)F{9[{x,s))dsdx 

d'^2r°°- 

9tt{x,s)9xix,s)—{^^^  j  a'{z)F'{9^^{x,z))dz)dxds 
d  4  f°° 

+  ^tt{x,s)9xt{x,s)  —  {— - 7  /  a'(z)F'(0*(x,2))rf^)(ixcf5 

7o  -/o  “(x,  5  j  7o 

-  /  /  -  f  a'{z)F'{9l{x,z))dz)dxds  Vte[0,To). 

Jo  Jo  ^x  9{^x,sj  Jo 


(3.15) 
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We  note  that  (3.13)  implies 


(3.16) 


and  from  (3.11)  we  have 


e'(0o(x))  ^  e'(0o(x))^‘^ 

5o(a:)e'(5o(x))  e'(0o(a:)) 


(3.17) 


We  add  (3.10),  (3.12),  and  (3.15)  and  make  use  of  Lemma  2.4  to  obtain  a  lower  bound 
on  the  left-hand  side  of  the  resulting  identity.  We  then  make  some  routine  estimations  to 
derive  the  inequality 

/  ([^(^.^)  +  6l{x,t)  +  9‘^{x,t)  +  9lt{x,t)  +  e^ti^,t))dx 

Jo 

f  f  (^1(3;, 3)  -f-  ^jt(x, s))dxds  <  r{0o  +  i7o}  d*  r'{\/0o  4-  \/ Rq}\/ S{t) 

Jo  Jo 

+  T^/Ro£{t)  +  r{K0  +  i/'=+''(t)K(t) 


(3.18) 


Vte[0,ro). 

In  order  to  give  an  indication  of  how  (3.18)  was  derived  we  show  detailed  estimations 
of  certain  typical  terms  of  (3.10),  (3.12),  and  (3.15)  as  follows.  Many  of  the  terms  can  be 
estimated  in  a  simple  way,  for  instance 


ne'"{9{x,  s))9^(x,  s)9uix,  s)dxds\ 

<  sup  )e"(0(x,s))0t(a:,s)l  /  /  |0t(x, 'S)0tt(3;, s)((ixds 
it[0,l]  Jo  Jo 


t[0,l] 

s<(0,tl 


f  f  |^tt(3;,  5)^t(a;,5)|dxds 

Jo  Jo 

f  f  {9'ft{x,s)  +  9^{x,s))dxds 
Jo  Jo 

<ru{t)€(t)  V<e[0,ro) 


(3.19) 
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or 


|F"(0)  f  f  a'{s)6Q(x)9u{x,s)dxds\ 

Jo  Jo 

<F"(0)(  r  f\\s)^di;(xydxds)^(  f  f\l{x,s)dxds)^ 

Jo  Jo  Jo  Jo  (3.20) 

/•OO  fl 

<  F"(0)(  /  a'(s)^ds)-^{  /  6'^ixfdx)^^^^ 

Jo  Jo 

<rv^v^  Vi€[o,ro). 

Some  of  the  terms  must  be  rewritten  carefully  before  they  are  estimated;  e.g.  the  term 
estimated  in  (3.25)  below  arises  from 


J  j  ^tt(a:,-s)^(g^J- j  j  a'(z)F\9l{x,z))9x(x,s  -  z)dz)dxds  (3.21) 

which  appears  on  the  right-hand  side  of  (3.15).  We  first  differentiate  the  integral  appearing 
in  the  integrand  of  (3.21)  once  with  respect  to  s  and  then  make  the  following  change  of 
variable 


/ 


a'{z)F\9l{x,  z))9xt{x,s  —  z)dz 


(3.22) 


=  /  a\s-0F'mx,s-0)e,tix,0d(:. 

Jo 

We  next  differentiate  the  right-hand  side  of  (3.22)  with  respect  to  s  and  then  repeat  the 
same  change  of  variable  to  obtain  the  integral  estimated  in  (3.25).  We  note  that  a  similar 
procedure  is  used  when  differentiating  terms  of  the  form 


r  a\z)F"\9l{x,z))dz 
Js  —  y 


(3.23) 


with  respect  to  s;  the  change  of  variable  in  this  case  takes  the  form 


r  a'iz)F"'{9lix,z))dz  =  f  a'is  -  C)F'"(0^(x,s  -  0)dC,.  (3.24) 

Ja  —  y  J’-oo 
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We  now  continue  to  show  some  typical  calculations.  The  computations  below  are  more 
involved  than  those  used  in  (3.19)  and  (3.20);  we  obtain  a  boimd  on  a  term  appearing  on 
the  right-hand  side  of  (3.15) 


\f  f  6u(x,s)—^—-f  a'(z)F"(0l(x,z))9r(x,s  -  z)dj;t{x,s  -  z)dzdxds\ 
Jo  Jo  (’{x,s)  Jq 

<r  sup  |^i(x,s)|  /  /  |^tt(x,s)|  f  |a'(2)|(F"(0) 

r£[0,l]  Jo  Jo  Jo 

sf[0,t] 

-h  lF"(0^(x,  z))  -  F"(0)1)  10xt(x,  s  -  z)\dzdxds 

<rKt)  r  f'\0u(x,s){  r\a\z)\(F"{0)  +  K{\0lix,z)l 

Jo  Jo  Jo 

■f  (^j(x,z)|*))|^it(x,s  -  z)\dzdxds 

<Tuit)  f  f\8u{x,s)\  r iu'(^)i(F»(o)  +  Jt:[v/I(  r  el{x,0d0" 

Jo  Jo  Jo  Js-z 

+  ^l(^,0d0^])\^xtix,  3  -  z)\dzdxds 

<Tu{t)(f  f  el(x,s)dxds)^(  f  f  (  /  \a'{z)\[l  +  u(t)^/z 

Jo  Jo  Jo  Jo  Jo 

+  i'^{t)(\/z)'‘]\9xtix,s  —  z)\dzydxds)^ 

<  Tu{t)y/E{t){  I  /  ^l^{x,s)dxds)^{  j  \a' {z)\dz  +  v(i)  I  \a\z)\\/zdz 

Jo  Jo  Jo  Jo 

poo 

+  -*(<)  /  \a'(z)\{^z)'‘dz) 

Jo 

<  r{i/(<)  +  t'Ht)  +  <  r{K0  +  *^*+'(0)^(0 

Vt€[0,To) 

and  from  (3.10)  we  estimate  the  following  term 


(3.25) 


1  [  f  f  9xx{x,y)  f  a(z)(F"(Bl{x,z))  -  F'\0))dzdydxds\ 

Jo  Jq  Jo  Js—y 

<  K{u(t)  +  i,\t))  f  f  \e(x,3)-e-\  r\0..(x,y)\  r  |a'(z)|(v^ 

Jo  Jo  Jo  J s—y 

+  {y/z)^)dzdydxds 

<  K(u(t)  +  ^‘(t))\/SW(  [‘  f\  f  !/)l  r  lo'(2)l(v/J 

Jo  Jo  Jo  Ja-y 

+  {y/z)’‘)dzdyY  dxds)"^ 

AOO  poo 

<K{u{t)  +  u’‘(t))£(t)  jf  \a'{z)\{y/^  +  {yGf)dzds 

<T{u{t)  +  u’‘{t)}£{t)  Vf€[0,To). 

The  rest  of  the  terms  on  the  right-hand  side  of  (3.10),  (3.12),  and  (3.15),  except  for  the 
last  term  in  (3.15),  are  handled  in  a  similar  fashion  to  (3.19),  (3.20),  (3.25),  and  (3.26). 
The  last  term  on  the  right-hand  side  of  (3.15)  is  first  estimated  from  above,  making  use 
of  compatibility  with  thermodynamics,  i.e.  we  utilize  the  entropy  inequality  (0.2)  in  the 
estimation  below:  by  (2.10)  we  have 


r(z,s) 


}dxds  V<€[0,ro), 


6(x,  s) 

where  xp”  eC(0,oo)  (see  Remark  2.1).  Thus,  it  cein  be  shown  that 

~  lo  lo  /  a'{z)F'{ei{x,z))dz)dxds 

<  r{i/(t)  -I-  i/''+i(<)}^(<)  -I-  Ty/^S{t)  Vt  e  [0,  To). 

Additonal  estimates  are  derived  directly  from  equation  (3.8)  in  the  following  manner. 

In  order  to  obtain  a  temporal— estimate  for  6t  we  first  multiply  (3.8)  by  Oj-x  and  integrate 


(3.28) 
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the  resulting  identity  over  [0, 1]  x  [0,  <],  i  e[0,To).  We  arrive  at  the  relation 


/  el(x,t)dx  +  F"{0)Ci{e.„t,  a) 

+  /  /  ^ix(x,s){(e'(0(x,s)) -e'(^*))0((x,s) 

Jo  Jo 

+  f  eu^,y)  r  a\z){F"{B%{x,z))-F"mdzdy 

Jo  J s—y 

+  /  a{z)F{ei{x,z))dz 

a{x,s)  Jq 

-  f  a{z)F'{ei{x,z))dz 

o{x,s)  Jq 

2  /■* 

+  — - r  /  a'{z)F'{dl(x,z))6xix,s  —  z)dz  —  r{x,s)}dxds 

d{x,s)  Jq 

Vt6[0,To). 

This  relation  leads  to  the  inequality 

^?(^XX, a)  <  r0o  +  TyMy/^i)  +  T{u{t)  + 


Vte[0,To). 

We  now  square  (3.8)  and  integrate  over  [0,1]  x  [0,t],  te[0,To).  Using  (1.10), 

of  [12],  and  (3.30)  we  arrive  at  the  estimate 

ni 

d^{x,  s^dxds  <  r {©0  +  .Ro}  d"  r' 

+  T{uit)  +  u^'^{t)}S{t)  V<e[0,ro). 


Equation  (3.11)  can  be  written  as 

e'{0*)0u{x,t)  -  F"{0)ai0)exx{x,t)  -  F"{0)  f  a'{t  -  s)0x.(x,s)ds  =  G,(x, 

Jo 

xe[0, 1],  te[0,To), 

where  G(x,t)  denotes  the  right-hand  side  of  (3.8). 


(3.29) 


(3.30) 


Lemma  4.2 


(3.31) 


i) 

(3.32) 
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Solving  for  9xx  in  terms  of  dtt  and  Gt  (see  (2.36)  and  (2.37))  we  get 


-F"(0)a(0)^,,(x,t) 

=  G((x,f)  —  e'(0*)0«(x,t)  +  /  m(f  —  s)(G<(x,s)  —  e'(0*)0it(x,s)]ds  (3.33) 

Jq 

xe[0, 1],  <e[0,ro), 

where  m  is  the  resolvent  of  a'  (see  (2.38)).  We  note  that  by  (3.8)  G{x,  Q)  —  e'{9*)6t{x,  0)  =  0 
for  all  xe[0, 1],  and  by  (2.38)  m(0)  =  — a'(0)/a(0).  Thus,  after  integrating  the  last  term 
on  the  right-hand  side  of  (3.33)  by  parts  we  arrive  at  the  expression 


-F"(0)a(0)^„(x,<) 


q'(0)  I 


=  C?,(x,  0  -  e'(9*)9Ux,  t)  -  ^[G(x,  t)  -  eX9n9tix,  t)]  . 

a(0j 

+  I  m'{t  —  s)[G(x,s)  —  e(9*)9t(x,s)]ds  x  e  [0, 1],  t  e  [0,  To). 

Jo 

We  now  square  (3.34)  and  integrate  over  [0,1].  By  (3.18)  and  Lemma  2.3  we  have 

9lx{x,t)dx  <  r{0o  -F  i2o}  +  r{v^ -h  V^} 

Jo  ( 

-h  ^^/^5(^)  T{u(t)  +  'it  e  [0,  To). 

To  obtain  a  temporal— bound  on  9tt  we  multiply  (3.34)  by  6tt  and  integrate  over 
[0,1]  X  [0,t],  te[0, To).  We  note  that 

/  /  9tt(x,s)9xx{x,s)dxds  =  —  I  I  9x{x,s)9xtt{x,s)dxds 

Jo  Jo  Jo  Jo 

=  -  [  9x(x,t)6xt{x,t)dx  +  /  ^o(x)^xt(x,0)dx  ( 

Jo  Jo 

+  /  /*  dli{x,s)dxds  te[0,To). 

Jo  Jo 


(3.34) 


(3.35) 


(3.36) 


Thus  we  have 


Jo  Jo 

-h  rv^£(t)  4-  r{u{t)  -h  i/*+"(t)}^(0  it  e  [0,  To). 


(3.37) 
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I 


(Here,  we  make  crucial  use  of  the  inequality  (2.20).)  We  now  square  (3.34)  and  inte¬ 
grate  over  [0,1]  X  [0,t],  te[0,To)  using  (3.18),  (3.31),  (3.37),  and  Lemma  2.3  to  obtain  the 
following  estimate 


nOlj.(x,s)dxds  <  r{0o  +  Ro}  +  r{-\/^ -I-  \/Ho}\/5(t) 

+  Ty/Fo£(t)  +  T{u(t)  +  Vt  e  [0,  To). 

Observe  that  by  Poincare’s  inequality  there  is  a  constant  c  >  0  such  that 


n[6(x^s)  —  6*]'^dxds  <  c  f  j  d\{x^s)dxds  Vte[0,To). 

Jo  Jo 

It  follows  from  (3.18),  (3.31),  (3.35),  (3.37),  (3.38),  and  (3.39)  that 

£{t)  <  r{0o  -b  iZo}  +  r{v^  +  y/^}y/£{i)  -b  Ty/Wo£{t) 

+  Vte[0,To). 

Using  (2.20),  (3.40)  yields 

^(<)  <  r{0o  +  Ro}-h  r^s(t)  +  r{K0  +  z/''"+"(t)}T(t) 

Vfe[0,ro), 

where  f  denotes  a  fixed  positive  constant  which  is  independent  of  and  Tq. 
S,S  >  0  such  that 


t  fi 


S<e\  f{\/^-b(V25)2*'+2}<i,  f<52<i5,  T8<^, 


and 


.  1 
<<2'' 


for  some  r/  e(0,£). 


(3.38) 


(3.39) 


(3.40) 


(3.41) 

We  choose 


(3.42) 


(3.43) 
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Suppose  now  that  (1.21)  holds  for  the  above  choice  of  <5.  By  the  Sobolev  embedding 
theorem 

u{t)  <  \/2£(t)  Vte[0,ro).  (3.44) 

Thus,  it  follows  from  (3.41)  that  for  any  <e[0,To)  with  £(t)  <  E,  we  actually  have  E{t)  < 

-E.  Hence,  by  continuity,  if  £(0)  <-E  then 
2  2 

S(t)<^E  yte[0,To).  (3.45) 

It  is  possible  to  choose  a  smaller  ^  >  0  (if  necessary)  so  that  (1.21)  implies  E{0)  <  ^E. 
Consequently,  for  <5  >  0  small  enough,  (3.45)  holds;  moreover,  by  the  Sobolev  embedding 
theorem 

sup  \d(x,t)  —  9*\,  sup  |^i(a:,t)|  <  "v/^  <  e.  (3.46) 

<«(0,To)  <e[0,To) 

Therefore,  by  Lemma  2.2  we  have  To  =  co.  In  addition,  (1.23)  is  an  iromediate  conse¬ 
quence  of  (3.45).  Moreover,  (1.24)  and  (1.25)  follow  from  (1.23)  by  standard  embedding 
inequalities,  e.g.  from  (1.23)  we  have 

0-rei:~((O,oo);L2(O,l))  (3.47) 

and 

e,,e,teL\{o,coy,L\o,i)).  (3.4s) 

We  note  that  (3.48)  implies 

^i(’,i)~^0  L^(0, 1)  as  t  >  oo.  (3.49) 

Observe  that 

[0(1,0  -  =  2  rm,t)  -  <  2  f  \e{u)  -  d*\  |^x(^,0M^ 

(3.50) 

<2(/  [e{U)-n''dOH  0liU)dO^  xe[0,l],t>0. 

JQ  Jo 
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Hence,  by  (3.47)  and  (3.49) 


—*  6*  uniformly  on  [0,1]  as  t  — >•  oo. 
This  completes  the  proof  of  Theorem  1.1. 


(3.51) 

I 


The  proofs  of  Theorem  1.2  and  1.3  are  very  similar  to  the  proof  above.  In  both 
cases,  however,  since  we  caxmot  use  Poincare’s  inequality,  we  do  not  obtain  a  temporal-L^ 
estimate  for  9  —  B*  and  hence  before  we  proceed  with  the  calculations  we  divide  equations 
(1.1)  and  (1.40)  by  e'(6(x,t)).  For  the  same  reason,  in  Theorem  1.2,  for  example,  we 
require  that  (1-29)  hold  in  order  to  obtain  the  following  estimate; 


<r/(/  [^(x,s)-(9*f<fx)*(  /  r\x,s)dx)^ 

Jo  Jo  Jo  .  . 

1-1  ft  fi  (3.52) 

<r  sup  (  /  [B{x.,s)  —  d*^dx)^  /  (/  {x ,  s)dx)^  ds 
s<[o,t]  Jo  Jo  Jo 

<rvW)  Hi  r  r\x,t)dx)^dt  Vte[0,To); 

Jo  Jo 

the  other  terms  with  which  one  must  be  careful  can  be  handled  by  integration  by  parts, 


e.g. 
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<e[0,To). 

The  eirgument  to  show  that  0{-,t)  — »  9**  uniformly  on  [0, 1]  as  <  — >  oo  for  Theorem  1.2, 
is  essentially  the  same  as  the  argument  used  to  establish  an  analogous  result  in  Section 
3  of  [4]:  One  first  observes  that  standard  embedding  inequalities  yield  (1.38)  as  well  as 
boundedness  of  9  on  [0, 1]  x  [0,  oo).  Hence,  every  sequence  of  times  tending  to  infinity  has 
a  subsequence  on  which  9  converges  uniformly  to  a  constant,  namely  9** . 

Theorems  1.2  and  1.3  can  be  proved  using  an  argument  in  the  same  spirit  as  in  [12],  i.e. 
instead  of  taking  temporal  derivatives  of  the  equation  and  multiplying  by  corresponding 
time  derivatives  of  9,  one  can  take  spatial  derivatives  of  the  equation  and  multiply  by 
appropriate  x  derivatives  of  9.  This  cannot  be  done  for  Theorem  1.1  since  we  have  a 
term  involving  9x(x,t)  on  the  right-hand  side  of  (1.1)  which  would  lead  to  uncontrollable 
boundary  terms. 

In  the  case  of  nonequilibrium  history  the  argument  is  essentially  the  same.  The  main 


49 


modification  needed  arises  when  we  want  to  make  use  of  an  inequality  of  the  form  (2.21); 
we  then  extend  a  to  IR  by  zero.  To  give  an  indication  of  where  such  a  modification  is 
needed  we  consider  the  analogue  of  the  term  treated  in  (3.26): 

1  f  f\6{x,s)-e*]  f  6,,{x,y)  r  a\z){F'\K{x,z))-F"{Q))dzdydxds\ 

Jo  Jo  V— oo  J  s~^y 

<1  f  A^(x,s)-r]  f  ^„(x,y)  r  a'(z)(F"m^,z)) 

Jo  Jo  J —oo  J  3—y 


-  F''{0))dzdydxds\ 


(3.54) 


+  1  f  f\e{x,s)-d*]  feux.y)  H  a'(z)(F"(ei(x,z)) 

Jo  Jo  Jo  J  a—y 


-  F''{iS))dzdydxds\. 

The  second  term  on  the  right-hand  side  of  (3.54)  can  clearly  be  handled  in  the  same  manner 
as  in  (3.26)  and  once  a  is  extended  by  zero,  the  first  term  on  the  right-hand  side  of  (3.54) 
can  also  be  treated  in  the  same  way. 


Remark  3.1:  We  note  that  in  order  to  obtain  a  priori  bounds  in  the  above  proof  it  sufficed 
to  assume  that  the  data  satisfy  (1.55)  -  (1.58).  It  is  in  the  proof  of  local  existence  that  we 
need  the  original  assumptions  on  the  data  (1.12)  -  (1.18). 


Remark  3.2:  If,  for  example,  in  the  case  of  Theorem  1.1  assumption  (1.21)  is  replaced 


00  +  e'f{x)‘ 

Jo 


dx  +  Iio  +  sup  /  (r^  +  rl^  +  rff){x,t)dx 


+  f  rl^{x,0)dx+  f  f  {rl+rl^  +  r^tt){x,i)dx  <6^ 
Jo  Jo  Jo 


(3.55) 


then  one  can  establish  the  existence  of  a  unique  solution  ^  >  0  satisfying  (1.22)  -  (1.25); 


moreover. 


^rix»  ^xxti  ^xtti  ^ttt  e  L^((0,  oo);  Z^(0, 1))  D  L\(0,  oo);  ^^(O,  1)), 


(3.56) 
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and 


0  uniformly  on  [0,1]  (3.57) 

as  t  oo.  The  arguments  used  to  establish  such  a  result  are  similar  in  spirit  to  the 
arguments  used  to  prove  Theorem  1.1  except  that  here  there  is  no  need  to  make  use  of  the 
entropy  inequality  (0.2)  or  any  other  consequence  of  the  thermodynamical  restrictions. 
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